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Let  be a tree such that each vertex has valency at least 3 and
let A be a set of regular subgraphs of valency 2. In the early
eighties A. Delgado and B. Stellmacher introduced the uniqueness
and exchange conditions on the pair (,A) and showed how they
relate to generalized polygons. We modify the exchange condition
and show how the modiﬁed version relates to Moore graphs. This
is then used to give the isomorphism type of the amalgam of
vertex stabilizers of two adjacent vertices in an s-arc transitive
graph with trivial edge kernel and s 4.
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1. Introduction
Let Γ be a connected undirected graph, without loops or multiple edges, and let  be the uni-
versal cover of Γ . It is well known that  is a tree. The preimages of the circuits of minimal length
of Γ deﬁne a set of inﬁnite subgraphs of valency 2 of . One can study  together with this set
of subgraphs instead of Γ . This poses the problem as to how to describe this set of subgraphs in an
axiomatic way and how to reconstruct Γ from such a description.
Let  be a tree such that each vertex x has valency at least 3, and let (x) denote the set of
vertices adjacent to x. A t-arc of , with t  0, is a sequence x0, x1, . . . , xt of vertices of  such that,
for 1 i  t , xi ∈ (xi−1) and, for 1 i  t − 1, xi−1 = xi+1. Let A be a family of regular connected
subgraphs of valency 2 of . An element of A will be called an apartment of .
We will write apartments as inﬁnite arcs. Up to reversing the order of the vertices this uniquely
determines the apartment. The following notions where introduced by A. Delgado and B. Stellmacher
in [5] as a tool in the classiﬁcation of weak (B,N)-pairs of rank 2. Let s  3 be a ﬁxed integer. We
say that
• the pair (,A) fulﬁlls the uniqueness condition if any arc of length s is contained in a unique
apartment;
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x2s−2, . . . and . . . , y0, . . . , ys−1, . . . , y2s−2, . . . , with xi = yi for i ∈ {0, . . . , s − 1} but xs = ys , the
arc x2s−2, . . . , xs−1, . . . , y2s−2 is contained in an apartment.
One could re-phrase this last condition in the following way: if γ and δ are two apartments with
|γ ∩δ| = s−1, then there exist an apartment α with |γ ∩α| = s−1, |δ∩α| = s−1 and |γ ∩δ∩α| = 1.
A generalized polygon, or generalized n-gon (for n  2), is a bipartite graph of diameter n and
girth 2n. Theorem 3.6 of [5] establishes a beautiful connection between generalized polygons and trees
with apartments. The theorem states that if (,A) fulﬁlls the uniqueness and exchange conditions,
then one can deﬁne an equivalence relation on  whose quotient graph is a generalized polygon
of diameter s − 1. The elements of A are the preimages, with respect to the quotient map, of the
circuits of minimal length (also called apartments) of the generalized polygon. Conversely, it follows
immediately from the axioms of a generalized polygon that in the universal cover of the generalized
polygon the preimages of apartments must satisfy these two conditions. Hence the uniqueness and
exchange conditions characterize the generalized polygons.
If a subgroup G of the group of automorphisms of Γ acts locally 1-arc transitive, then Γ can be
studied with help of the amalgam (Gx,Gy;Gx,y), where {x, y} is an edge of Γ . This amalgam acts
naturally on  and, from the amalgam point of view, it is suﬃcient to study the action on . If this
amalgam leaves invariant a family of apartments which fulﬁlls the uniqueness and exchange condi-
tions, then it also acts on a generalized polygon. If the generalized polygon is known, for example
when it satisﬁes the Moufang condition, then also the structure of the amalgam can be determined.
See the original paper [5], but also the survey paper [7], by A.A. Ivanov and S. Shpectorov, and the
papers [8–11] by R. Weiss for how the uniqueness and exchange conditions interplay with the theory
of group amalgams.
The exchange condition forces apartments to fold to the circuits of even length in the quotient
graph. In this paper we modify the exchange condition to obtain a similar condition such that apart-
ments fold to circuits of odd length. The quotient graph will turn out to be a Moore graph, that
is, a graph of diameter d whose girth is 2d + 1. Here too the conditions do characterize the Moore
graphs. We do not assume that the valency of  is ﬁnite.
In the last section of the paper we will apply the main theorem to study a certain class of locally
3-arc transitive graphs (Proposition 3.2) and the s-arc transitive graphs with trivial edge kernel and
s  4 (Corollary 3.3). In particular we reconstruct the Hoffman–Singleton graph from its universal
cover by means of the amalgam of its vertex stabilizers.
2. Constructing Moore graphs from trees
Let  and A be as before, and let s  3 be a ﬁxed integer. The pair (,A) is said to fulﬁll
the uniqueness and shifted exchange conditions if it fulﬁlls the uniqueness condition and, for any two
apartments . . . , x0, . . . , xs−1, xs, . . . , x2s−1, . . . and . . . , y0, . . . , ys−1, ys, . . . , y2s−1, . . . , with xi = yi for
i ∈ {0, . . . , s − 1} but xs = ys , the apartment . . . , y2s−2, . . . , ys, xs−1, xs, zs+1, . . . , z2s−1, . . . (which is
the unique apartment containing the s-arc y2s−2, . . . , ys, xs−1, xs) does not contain the vertex xs+1,
but the arc z2s−1, . . . , zs+1, xs, xs+1, . . . , x2s−1 is contained in an apartment.
The uniqueness and shifted exchange conditions imply that if δ and γ are two apartments with
|δ∩γ | = s−1 then there exist two apartments β and α with |δ∩β| = s−1, |γ ∩β| = 2, |δ∩γ ∩β| = 1,
|γ ∩α| = s−1, |β ∩α| = s−1 and |γ ∩β ∩α| = 1. This explains our name; the apartment α is shifted
one position on γ with respect to the original deﬁnition.
First we note that the tree under consideration has to be bi-regular, that is, there exist k, l ∈
N∪ {∞} with k, l 3 such that the valency at each vertex is either k or l.
Lemma 2.1. If (,A) satisﬁes the uniqueness condition, then vertices at even distance have the same valency.
In particular,  is a bi-regular tree.
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and y be two vertices at distance 2. Let z1, z2, . . . , zs−1 be an arc with z1 ∈ (x)∩(y) and z2 /∈ {x, y}.
Then both x and y are at distance s − 1 from zs−1, so have the same valency. 
Theorem 2.2. Suppose (,A) satisﬁes the uniqueness and shifted exchange conditions. Then the relation
x ∼ y if and only if d(x, y) = 2s − 1 and there exists an apartment containing x and y, extends to an equiva-
lence relation ≈ on  such that / ≈ is a Moore graph of diameter s − 1.
Proof. Let ≈ be the transitive closure of ∼. Let x be a vertex of  and deﬁne Bx = {z | d(x, z) s−1}.
Observe that, by the uniqueness condition, each vertex of  is equivalent to a vertex of Bx . First
we will show that two distinct vertices of Bx are never equivalent. Indeed, suppose y, y′ ∈ Bx are
equivalent. Then there exists a sequence y = y0, y1, . . . , yk = y′ , with yi ∼ yi+1 for 0  i  k − 1.
Choose k minimal with these properties and choose m ∈ {1, . . . ,k − 1} with d(y0, ym) maximal and
d(y0, ym+1) < d(y0, ym). Observe that d(y0, ym) s and that the apartment containing ym and ym+1
contains a vertex z at distance d(y0, ym) − s from y0. Since the apartment containing ym and ym−1
cannot contain z we have d(y0, ym−1) > d(y0, ym), contradicting the choice of m.
It remains to show that the local structure remains in tact. Let x ∼ x′ and let x = x0, x1, . . . , x2s−1 =
x′ be the path contained in the unique apartment γ containing x and x′ . We need to show that each
neighbor of x is equivalent to a neighbor of x′ . Let y ∈ (x). Suppose ﬁrst that y is contained in γ . If
y = x1, then y ∼ z where z is the neighbor of x2s−1 in γ different from x2s−2, and if y = x1, then y ∼
x2s−2. Thus we may assume that y is not contained in γ . Then the s-arc y, x0, . . . , xs−1 is contained
in a unique apartment δ = · · · , y, x0, . . . , xs−1, ys, . . . , y2s−2, . . . , where ys = xs and y2s−2 ∼ y. But by
the uniqueness and shifted exchange conditions we have that y2s−2, . . . , ys−1, xs, xs+1 is not contained
in an apartment but for the apartment β = · · · , y2s−2, . . . , ys−1, xs, zs+1, . . . , z2s−1, . . . we have that
z2s−1, . . . , zs+1, xs, xs+1, . . . , x2s−1 is contained in an apartment α. So y2s−2 ∼ z2s−1 and z2s−1 ∼ w ,
for some w ∈ (x′) ∩ α with w /∈ γ . Thus y is equivalent to a neighbor of x′ . Since the uniqueness
condition is satisﬁed and the distance in  between x and x′ is odd we have that the tree must be
regular. It follows that the quotient graph is a Moore graph of diameter s − 1. 
Conversely we have the following statement whose proof we leave as an easy exercise to the
reader.
Lemma 2.3. LetΓ be aMoore graph of valency at least 3 and of diameter s 2, and let C be the set of circuits of
length 2s+1. Let be the universal cover of Γ , π : → Γ the projection map and letA= {π−1(C) | C ∈ C}.
Then (,A) fulﬁlls the uniqueness and shifted exchange conditions.
It follows from Theorem 2.2 and Lemma 2.3 that the uniqueness and shifted exchange conditions
characterize the Moore graphs. Observe that we did not assume that the valency is ﬁnite.
It follows from the work of E. Bannai and T. Ito [1], R.M. Damerell [4] and A.J. Hoffman and R.R.
Singleton [6] that, with the exception of polygons and complete graphs, ﬁnite Moore graphs only
exist when the diameter is equal to 2 and the valency is equal to 3, 7 or, possibly, 57. Since for the
remainder of the paper we are mainly interested in the case where the valency is ﬁnite, we will from
now on assume that s = 3. Again we introduce conditions on the tree, but this time we will assume
that there is a group acting on the tree.
Let G be a subgroup of the group of automorphism of  and let A be a G-invariant family of
apartments. An arc will be called good if it is contained in an apartment. We say that
• the pair (,A) fulﬁlls the non-exchange condition if for any two good 4-arcs x0, x1, x2, x3, x4 and
x0, x1, x2, y3, y4, with x3 = y3, the 4-arc y4, y3, x2, x3, x4 is not good;
• the pair (,A) fulﬁlls the regular condition if for any 2-arc x0, x1, x2 and any x3, y3, z3 ∈
(x2)\{x1}, with x3 = y3 = z3 = x3, we have Gx0,x1,x2,x3,y3 = 1 but Gx0,x1,x2,x3,y3,z3 = 1.
We remark that if the non-exchange condition is never satisﬁed for any two good 4-arcs then,
since s = 3, the exchange condition is automatically satisﬁed.
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fulﬁlls the uniqueness and shifted exchange conditions.
Proof. Let x0, x1, x2 be an arc and x3, y3 ∈ (x2)\{x1}, with x3 = y3. Let γ = . . . , x0, x1, x2, x3, x4,
x5, . . . be the unique apartment containing x0, x1, x2, x3 and δ = . . . , x0, x1, x2, y3, y4, y5, . . . be the
unique apartment containing x0, x1, x2, y3. Let K = Gx0,x1,x2,x3,y3 . Observe that, by the regular condi-
tion, K = 1, and that K ﬁxes both γ and δ point-wise. By the non-exchange condition the apartment
α containing y4, y3, x2, x3 cannot contain x4. So for the path y4, y3, x2, x3, z4, z5 contained in α we
have x4 = z4. Consider the apartment β containing x4, x3, x2, y3. Since β = γ we have for the path
u5, x4, x3, x2, y3 contained in β that x5 = u5. Observe that K ﬁxes both α and β point-wise.
Now consider the unique apartment 	 containing z5, z4, x3, x4, and let t = x3 be the neighbor of
x4 in 	 . Observe that K will again ﬁx this apartment point-wise. Since α and β meet in a 2-path,
we have by the non-exchange condition that z5, z4, x3, x4, u5 is not contained in 	 , so u5 = t . Since
K  Gx2,x3,x4,u5,t and K ﬁxes x5, we must have by the regular condition that t = x5. Hence z5, z4, x3,
x4, x5 is contained in an apartment. 
3. Locally s-arc transitive graphs related to the Hoffman–Singleton graph
Let Γ be a connected undirected graph, without loops or multiple edges, and let G be a subgroup
of the automorphism group of Γ . The graph Γ is called locally (G, s)-arc transitive if, for each vertex
z ∈ Γ , the group Gz acts transitively on the set of s-arcs originating at z.
For the following result we adopt the notation of [2].
Proposition 3.1. (See [2, Proposition 3.4].) Let Γ be a regular graph of the valency at least 3. Let G be a
subgroup of the group of automorphisms of Γ and suppose that G acts (G, s)-arc transitively with s 3 and,
for any vertex x, |Gx| < ∞ and G[1]x = 1. Then s = 3, Γ is of valency 7, F ∗(Gx) ∼= Alt7 and, for an edge {x, y},
we have G{x,y}  Sym6 .
The Hoffman–Singleton graph is an example of a graph occurring in the conclusion of the proposi-
tion. We use Theorem 2.2 to show that the amalgam of vertex stabilizers can be realized in P
U3(5).
In doing so we explicitly describe the set A in the tree  which leads to the Hoffman–Singleton
graph.
Proposition 3.2. Let  be a connected regular tree of valency 7. Let G be a subgroup of the group of auto-
morphisms of  and suppose that  is locally (G,3)-arc transitive and for every vertex z ∈ , G[1]z = 1 and
F ∗(Gz) ∼= Alt7 . Then there exists a G-invariant equivalence relation ≈ on  such that the corresponding quo-
tient graph / ≈ is isomorphic to the Hoffman–Singleton graph. In particular, if N is the kernel of the action
induced by G on / ≈, then N ∩ Gx = 1 and G/N ∼= PSU3(5) or P
U3(5).
Proof. We start with listing some elementary facts of some Alternating groups (see, for example, [3]).
Consider the action of A ∼= Alt5 (resp. Sym5) on 6 points. This can be viewed as the action of PSL2(5)
(resp. PGL2(5)) on the projective line. Observe that in PSL2(5) any involution ﬁxes exactly 2 points,
and any two points are ﬁxed by exactly one involution. The involutions of PGL2(5) which are not in
PSL2(5) act ﬁxed point freely on the 6 points of the projective line. Let a, b be two distinct points of
the projective line then Aa ∼= Dih10 (resp. 5 : 4), Aa,b ∼= C2 (resp. C4) and A{a,b} ∼= C2 × C2 (resp. Dih8).
Next consider the group B ∼= Alt7 (resp. Sym7). Let C  B be a group of order 5. There is only one
conjugacy class of groups of order 5 and NB(C)/C ∼= C4 (resp. C2 × C4).
For any vertex x of  we have Gx ∼= Alt7 or Gx ∼= Sym7. Note that if y ∈ (x), then Gx,y ∼= Alt6
in the ﬁrst case and Sym6 in the second. Hence we have Gx ∼= Gy and thus all vertex stabilizers are
isomorphic. For the remainder of the proof we assume that the stabilizer of a vertex is isomorphic to
Alt7 (resp. Sym7).
Let x0, x1, x2, x3 be a path of length 3. Observe that the stabilizer of this path is a dihedral group
of order 10 (resp. a Frobenius group of order 20). Hence it will ﬁx a unique vertex in (x3)\{x2}.
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any path of length 3 contained in it. Let A be the set of G-conjugates of this graph. Then (,A) sat-
isﬁes the uniqueness condition and the elements of A are the ﬁxed-point sets of a certain conjugacy
class of groups of order 5 in G . Observe that the point-wise stabilizer of γ contains a unique normal
subgroup of order 5, and for each vertex x ∈ γ this group of order 5 acts ﬁx-point-freely on the 5
neighbors of x not in γ .
Let x0, x1, x2 be a path of length 2 and consider the two paths of length two x0, y1, y2 and
x0, z1, z2, with xi = zi , xi = yi and yi = zi , 1  i  2. Suppose x2, x1, x0, y1, y2 and x2, x1, x0, z1,
z2 are both good paths. Let γ the unique apartment containing x2, x1, x0, y1, y2 and δ the unique
apartment containing x2, x1, x0, z1, z2. Let L = G{x2,x1,x0,y1,z1} . Then L ﬁxes each of x2, x1 and x0 and
is transitive on {y1, z1}. By the uniqueness condition L stabilizes γ ∪ δ, and, in particular, is transitive
on {y2, z2} and L ∼= C2 × C2 (resp. Dih8). If y2, y1, x0, z1, z2 is contained in an apartment, then L
would normalize a group of order 5 in Gx0 , a contradiction. Thus y2, y1, x0, z1, z2 is not contained
in an apartment. This gives the non-exchange condition. Moreover, the group Gx2,x1,x0,y1,z1 acts semi-
regular on (x0)\{x1, y1, z1}. Hence the regular condition holds too.
By Lemma 2.4 and Theorem 2.2 the quotient graph / ≈ will be a Moore graph on 50 vertices and
of valency 7, hence will be isomorphic to the Hoffman–Singleton graph. Since G has at most 2 orbits
on  and there are equivalent vertices at distance 5 from each other we see that G induces a rank 3
group on / ≈. Let N be the kernel of this action. Then for any vertex x of  we have Gx ∩ N = 1.
Indeed, let n ∈ N ∩ Gx . If yn = y for some y ∈ (x), then y and yn would be equivalent vertices
at distance 2 from each other. A contradiction. Whence n ∈ G[1]x = 1 and clearly G/N ∼= PSU3(5) or
P
U3(5). 
Remark. In the proof of the proposition the group Gx2,x1,x0,y1,z1 ﬁxes a regular tree 
′ of valency
three containing the 3-arcs x2, x1, x0, y1 and x2, x1, x0, z1. Let A′ be the collection of apartments
meeting ′ in at least a 3-arc. Note that Gx2,x1,x0,y1,z1 point-wise ﬁxes each member of A′ and, in fact,
these apartments are contained in ′ . The pair (′,A′) fulﬁlls the uniqueness and shifted exchange
conditions and the corresponding quotient graph is isomorphic to the Petersen graph.
Combining the above proposition with [2, Corollary 1.2] we obtain:
Corollary 3.3. Let  be a connected graph, without loops or multiple edges, such that each vertex has valency
at least 2 and let {x, y} be an edge. Let G be a subgroup of the group of automorphisms of  and suppose that
 is locally (G, s)-arc transitive with s 4, |Gz| < ∞, for every vertex z ∈  and G[1]x,y = 1. Then the amalgam
(Gx,Gy;Gx,y) has a completion as a dihedral group, PSU3(5) or P
U3(5).
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